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In this article, data from a study of the mental computation competence of 
students in grades 3 to 10 are presented. Students responded to mental 
computation items, presented orally, that included operations applied to 
fractions, decimals and percents. The data were analysed using Rasch 
modelling techniques, and a six-level hierarchy of part- whole computation was 
identified. This hierarchy is described in terms of the three different 
representations of part-whole reasoning - fraction, decimal, and percent - and 
is elaborated by a consideration of the likely cognitive demands of the items. 
Discussion includes reasons for the relative difficulties of the items, 
performance across grades and directions for future research. 


Introduction 


This article brings together two areas of mathematics education research 
that individually have received considerable attention but that together 
have been virtually ignored: mental computation and part-whole numbers, 
specifically fracfions, decimals, and percenfs. Menfal compufafion research 
has focused on fhe four operafions wifh whole numbers, whereas parf- 
whole number research has focused on concepfual undersfanding, concrefe 
models, sfudenfs' sfrafegies, and leaching infervenfion in fhe classroom. 
This sfudy soughf fo provide a developmenfal scale of increasing 
proficiency in dealing wifh parf-whole number operafions in fhe confexf of 
performing menfal compufafions. 

One of fhe jusfificafions for inferesf in fhis sfudy comes from fhe 
increasing affenfion given fo proporfional reasoning based on parf-whole 
numbers af fhe middle school level. Traditional links befween proporfional 
fhinking and ofher parfs of fhe mafhemafics curriculum have included 
measuremenf, similarify in geomefry, frigonomefry, and basic probabilify. 
More recenfly fhe links fo chance and dafa have been highlighfed in ferms 
of fhe relafionship of samples fo populations (Saldanha & Thompson, 2002) 
and in fhe confexf of probabilify sampling and comparing dafa sefs of 
differenf sizes (Wafson & Shaughnessy, 2004). Furfher, fhe focus on 
quanfifafive liferacy across a more eclecfic school curriculum wifh higher 
level numeracy requiremenfs (e.g., Madison & Sfeen, 2003) leads fo specific 
sfafemenfs of fhe need fo apply proporfional reasoning and calculafions, 
offen underfaken menially, based on fracfions, decimals and percenfs in 
many social and life-skills confexfs (Sfeen, 2001; Wafson, 2004). 

The prominence of menfal compufafion has waxed and waned in fhe 
school curriculum over fhe pasf 150 years. The advenf of calculafors initialed 
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debate about the necessity to have mental computation skills and even 
brought into question the necessity for some of the paper-and-pencil 
algorithms that flourished throughouf fhe 20th century (McIntosh, 1990). By 
2000, however, a balanced view on computation was advocated in the 
National Council of Teachers of Mathematics' [NCTM] Principles and 
Standards (NCTM, 2000). Computing fluently is a goal at all grades, and the 
methods to be employed include mental computation, estimation, 
calculators or computers, and paper-and-pencil. Similarly in Australia, the 
Australian Education Council's [AEC] curriculum profile for mafhematics 
(AEC,1994) includes menfal compufafion as one of ifs seven sfrand 
organisers for the Number Strand, and this provides a second justification 
for fhe sfudy. 

Mental computation with part-whole numbers is not ignored in 
curriculum documents. In the NCTM's Principles and Standards (NCTM, 
2000), for example, fhe edict concerning choice among methods to compute 
fluently with fractions and decimals appears in the Number and Operations 
standard for grades 6-8. In the Australian profile (AEC, 1994) under Mental 
Computation, simple fractions appear at level five; at level six students 
should "estimate and calculate mentally with whole and fractional numbers, 
including finding frequently used fractions and percentages of amounts" 
(p. 104). There is, at present, no detailed research base on which to decide 
whether these expectations are reasonable, and this presents a third 
justification for fhe sfudy. 

Previous Research 

The growing initial interest in mental computation has focused on addition 
and subtraction of whole numbers (e.g., Heirdsfield, 2001; Hope, 1986; Reys, 
Keys, & Hope, 1993), followed by multiplication and division of whole 
numbers (e.g., Heirdsfield, Cooper, Mulligan, & Irons, 1999). As the numbers 
involved become larger, issues related to place value become more 
significant, as does the capacity to hold information in the mind (Callingham 
& McIntosh, 2002). Hopkins and Lawson (2004) have shown that the time 
taken to retrieve an answer to addition problems, as opposed to computing 
the answer, gets longer as the problem size increases. Strategies used during 
mental computation with whole numbers have been documented (e.g., 
McIntosh, De Nardi, & Swan, 1994; Threlfall, 2000), as have errors that occur 
during the process (McIntosh, 2002). Research, however, has been slower to 
focus on fracfions, decimals, and percenfs. Caney and Wafson (2003) 
considered the successful strategies of 24 sfudents interviewed while solving 
part-whole number operations mentally. They found parallels to the 
strategies described for whole numbers by McIntosh et al. (1994) and 
provided examples illustrating the strategies employed. 

Research into proportional reasoning more generally, related to the use 
of fracfions, decimals, and percenfs, has been on the mathematics education 
agenda for a long fime. An excellent recent summary of work principally 
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with fractions is provided by Thompson and Saldanha (2003). Bana, Farrell 
and McIntosh (1997) considered test items reflecting fraction and decimal 
concepts rather than computation. They assessed number sense in terms of 
disfinguishing larger from smaller numbers, parf from whole, and fop from 
boffom in fracfions. The cormecfions between proporfional reasoning and 
rafios were illusfrafed in fhe developmenfal work of Noelfing (1980a, 1980b) 
wifh consequenf links fo concepfs in probabilify confexfs (Shaughnessy, 
2003; Wafson, Collis, & Morifz, 1997). Building concepfual undersfanding 
associafed wifh proporfional reasoning has been fhe focus of many sfudies 
across confexfs fhaf consfanfly reflecf back fo fhe requiremenf for 
mulfiplicafive rafher fhan additive feafures (Cobb, 1999; Harel & Confrey, 
1994; Thompson & Saldanha, 2002). Relafed fo fhis are fhe difficulfies 
associafed wifh decimal represenfafions, bofh on fheir own (e.g., Sfacey & 
Sfeinle, 1998) and in association wifh fracfions (e.g., Wafson, Collis, & 
Campbell, 1995). Parf of fhe focus of fhis body of work has been on 
concepfualising fhe represenfafion of fracfions, decimals and percenfs, and 
parf has been on performing operations on quanfifies represenfed in fhese 
fashions. In following sfudenfs' difficulfies, however, fhere has been an 
explorafion of sfudenf explanafion fhrough inferviews and fhrough 
responses fo paper-and-pencil insfrumenfs (e.g., Sfeinle & Sfacey, 2002) buf 
nof on menfal compufafion specifically. Alfhough closely relafed fo fracfions 
and decimals, working wifh percenfs does nof seem fo have affracfed as 
much research affenfion (e.g., Lembke & Reys, 1994). Dole (1999) suggesfed 
use of a proporfional number line as an appropriafe compufafion sfrafegy for 
percenf, buf again nof in relafion fo menfal compufafion. 

The inferesf in parf-whole number operations in fhis sfudy grew ouf of 
a research projecf on menfal compufafion more generally, which included fhe 
four operafions on whole numbers. A particular inferesf was in esfablishing 
evidence concerning fhe hierarchical nafure of performance in relafion fo 
fracfions, decimals, and percenfs. The facf fhaf curriculum documenfs (e.g., 
AEC, 1994) imply a developmenfal progression in difficulfy in referring fo 
menfal compufafion wifh differenf f 5 q)es of numbers, reinforces fhe desire fo 
documenf fhis progression. The purposes of fhis arficle are: 

• To describe a developmenfal scale of parf-whole number menfal 
compufafion proficiency idenfified from fhe responses fo fhe relevanf 
ifems in fhe insfrumenfs used in fhe sfudy; 

• To reporf performance agarnsf fhe scale across grades 3 fo 10; and 

• To begin fo explain fhe relafive difficulfies of ifems across fhe fhree 
represenfafions of parf-whole numbers, fraction, decimal, and 
percenf. 
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Methodology 
Instruments and Procedures 

Students undertook tests of mental computation that included whole 
numbers as well as part- whole numbers: fractions, decimals, and percents. 
These latter items were restricted to commonly used equivalents, such as 
half, quarfer, and third, and single operations including of, percent of and 
the four key operations of addifion, subtraction, multiplication, and division. 
More complex numbers, such as mixed fractions and fractions expressed as 
ratios, decimals to more than two places, and percents that could not easily 
be expressed as fraction equivalents were not included in the instruments, 
since it was considered that these lay outside what could reasonably be 
expected to be undertaken mentally. The language used in the tests was 
standardised: the addition operation was always expressed as add, 
subtraction was subtract, multiplication was times, and division was divided 
by. Decimals were given as zero point five ... fractions as their usual fraction 
names. Thus the item of 0.7' was spoken as 'one half of zero point seven'. 

The items were organised into tests that had overlapping items so that 
they could be linked using Rasch (1960 / 1980) modelling techniques (Kolen, 
1999). Over the three-year period of fhe project, six tests were developed for 
each adjacenf year group: grades 3/4, grades 5/6, grades 7/8, and grades 
9/10. Each fest confained whole number computations, as well as some 
involving fractions, decimals, and percents. The part- whole items of 
fractions, decimals and percents only are the focus of this report. 

Teachers administered the tests in their own classrooms, using a CD that 
could be used in a standard CD player. The CD included all instructions to 
the students to ensure a standardised testing environment. Students 
responded by writing their answers only in the appropriate place on the 
answer sheet; no paper and pencil calculations were allowed. Items were of 
two kinds: short ifems had a fhree-second delay and long items a 15-second 
delay to allow for sfudenfs' responses. Mosf of fhe fraction, decimal, and 
percenf ifems were long ifems (Callingham & Mclnfosh, 2001, 2002). 

Sample 

The sfudent sample was faken from fhe responses of sfudenfs in grades 3 to 
10 who were in schools that had a focus on developing menfal compulation 
competence. Schools were from fhe Tasmanian Governmenf and Cafholic 
sectors and fhe ACT Government sector, and included primary schools 
(grades K to 6), high schools (grades 7 to 10) and composite schools (grades 
K to 10). The sample distribution across grades for the subsample of sfudenfs 
used in fhis sfudy is shown in Table 1. The number of students was lower in 
grades 3 and 4, and these students were only presented with a limited 
number of fractions items. Although this was a convenience sample of 
sfudenfs associated with a large collaborative industry research project, the 
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size of the sample and its representation of government and private sectors 
in two geographical locations lend credence to the belief that it is generally 
representative of students in grades 3 to 10 across Australia. 


Table 1 

Sample Distribution Across Grades 


Grade 

n 

Percentage of sample 

3 

381 

6.88 

4 

342 

6.18 

5 

800 

14.45 

6 

879 

15.88 

7 

940 

16.98 

8 

867 

15.66 

9 

736 

13.30 

10 

590 

10.66 

Total 

5535 

100.00 


Data Collection 

Data were collected at three different points in time but, for the purposes of 
this study, the data have been combined into a single data set of 7235 
responses to 374 different items. When students had not undertaken any of 
the fraction, decimal or percent items, an ability measure of their 
performance could not be estimated. These students were eliminated from 
the data set, as were the students for whom there were missing background 
data, such as grade level. The final sample, as shown in Table 1, consisted of 
5535 valid responses to 122 items addressing only computations involving 
fractions, decimals, and percents. 

If students had been presented with the items, missing data were coded 
as incorrect; if the items had not been presented, data were coded as missing. 
Data were entered into a spreadsheet to allow for error analysis to be 
undertaken. The items were scored dichotomously, using a 1/0 score for 
correct/ incorrect, and these data were subsequently used for Rasch analysis. 

Data Analysis 

Rasch (1960/1980) modelling was used to place all items and all students 
onto the same measurement scale using Quest v2.1 Rasch modelling software 
(Adams & Khoo, 1996). Callingham and McIntosh (2001) demonstrated that 
Rasch modelling was an appropriate technique to use to develop a scale of 
mental computation competence because the characteristics of the Rasch 
model allow a large number of items to be used in several tests that can be 
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linked to bring all items, and the students who undertake them, into 
alignment on a single measurement scale. The scale so produced provides a 
means of describing progress against the underlying construct. Rasch 
measurement has been used extensively to describe developmental levels 
(Wilson, 1992, 1999), and the progress that students make along the scale is 
concomitant with their development of compefence (Bond & Fox, 2001). The 
measure of proficiency fhus obfained is fermed fhe ability estimate. In fhis 
sfudy fhe fargef consfrucf is proficiency af menfal compufafion wifh parf- 
whole numbers. The ifems are placed on fhe same scale based on fheir 
measured difficulfy. Bofh abilify and difficulfy measures are expressed in 
logifs, fhe logarifhm of fhe odds of success. 

The scale produced by fhe Quest v2.1 Rasch modelling soffware (Adams 
& Khoo, 1996) is presenfed as a variable map. Figure 1 shows a diagram of a 
variable map of 20 ifems presenfed fo 50 persons fo illusfrafe fhe componenfs 
of fhe map. Logif values are shown on fhe exfreme leff hand side of fhe map. 
Each person is shown by X, and fhe posifion on fhe scale indicafes fhe abilify 
measure. Ifems are shown af fhe righf hand side of fhe display, clusfered by 
measured difficulfy level. Ifems are disfribufed abouf a mean of 0 logifs. If 
can be seen in Figure 1 fhaf fhere are disconfinuifies, or jumps in difficulfy, 
between some items, such as that between It4 (Item 4) and the two higher 
items, It7 and Itll. These discontinuities indicate some change in the 
demands of fhe ifems, and can be used fo identify groups of ifems fhaf form 
clusfers or bands along fhe variable of similar cognitive complexify. By 
idenfifying groupings of ifems fhaf have similar demands or complexify, a 
profile of developmenf can be identified (Bond & Fox, 2001; Griffin, 1990). 
This process is used in many Ausfralian sfafe fesfs fo indicafe developmenf 
in mafhemafics and liferacy (e.g., NSW Deparfmenf of Educafion and 
Training, 2002). 
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Figure 1. Componenfs of a variable map. 
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When Rasch (1960/1980) analysis of the data set was undertaken, the 
overlapping items among the different instruments used allowed all tests to 
be equated and calibrated in a single operation (Kolen, 1999). A single 
analysis, hence, linked all tests together and established the difficulty 
estimates of each item, and the ability estimates of each student. The 
approach provided a large item pool in which every item was cormected to 
every other item (Linacre, 1999). In this way, every item addressing fraction, 
decimal, or percent computation was placed on a scale, and students' 
performances on these items were converted into the same metric and placed 
on the same scale. The unit of measure used was the logit, the natural 
logarithm of the odds of success (Adams & Khoo, 1996). The model was 
evaluated by consideration of infit mean square values (that is, the mean 
squared differences between observed and expected values weighted by the 
variance) for both items and persons. Generally accepted levels of fit lie 
between 0.77 and 1.3 logits (Keeves & Alagumalai, 1999) and have an ideal 
value of 1.0 logit. In addition, item and case separation reliabilities (Wright & 
Masters, 1982) were used to provide a measure of the internal consistency of 
the scale. These have a theoretical value of 1.00 and values less than 
approximately 0.6 are generally considered low. These statistics were 
available from the Quest output. 


Results 

Model Evaluation 

When the summary infit mean square values were considered, for all items 
(IMSQ^ = 1.01) and for all persons (IMSQp = 0.97), fit values were within the 
specified limits, indicating that the items worked together consistently to 
define a unidimensional scale of part-whole reasoning, and that the students' 
responses were also consistent. Item and person separation reliabilities were 
high (R^ = 1.00; Rp = 0.82), indicating that the items produced a reliable 
measure of students' performance of mental computation of fraction, 
decimal, and percent problems. 

The scale produced by the Quest software is shown as a variable map in 
Figure 2. The map shows the distribution of items on the right hand side and 
persons on the left. For convenience, in this map where the operation is 
'divided by', the operation is shown as d, and fractions are shown with |. 
Thus 'i d 3' represents the item presented as 'three quarters divided by one 
quarter'. Items shown in boldface type were short items; all others were long 
items. 

The horizontal lines on the map indicate the points at which there 
appeared to be some change in the cognitive demands of the items for a 
correct response. These points were identified by agreement between the 
authors by considering the content of the items, the skills required to 
compute the items successfully, and apparent discontinuities in the difficulty 
levels. It should be noted that, because of printing limitations on the display. 
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these discontinuities do not always appear clearly on the map. As an 
example, consider the items 5 + | (Difficulty = -0.13 logit) and 1 - 5 (Difficulty 
= -0.20 logit) that appear at the boundary between Level 3 and Level 4. The 
difference in difficulfy befween fhese fwo ifems was small buf greafer fhan 
fhe differences befween each of fhese ifems and fhe ifems nexf fo fhem in fhe 
overall scale (e.g., 0.24 + 0.76, Difficulfy = -0.11; 0.1 x 10, Difficulfy = -0.22). 
When fhe confenf was considered, alfhough fhese were bofh fracfion ifems, 
fhe easier ifem, 1 - g, required recognifion only of unif fracfions and one- 
whole, and could be complefed in a single sfep, whereas 5 + | required 
recognifion of a simple non-unif fracfion fhaf was equivalenf fo one-half, and 
fhe addifion operation of 'one half add one half'. Each ifem where a 
disconfinuify was identified was similarly considered, and fhe ulfimafe 
placemenf of fhe horizonfal lines was agreed fo by fhe fwo aufhors. The six 
groupings of ifems fhus idenfified, as shown in Figure 2, were labelled Level 
A fo Level F for convenience. 
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Figure 2. Variable map showing all fracfion, decimal, and percenf ifems. 
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Description of Identified Levels 

As can be seen in the variable map in Figure 2, the only items appearing at 
Level A involve the fraction one-half. The fracfion 'half' has always had a 
special place in fhe world of numbers. Harf (1981) gave if fhe fifle of 
"honorary whole number" (p. 216), and Thomfon (1985) considered fhe 
halving operafion fo be so fundamenfal fhaf if could be considered as an 
operafion beside addifion, subfracfion, mulfiplicafion, and division. If is of 
inferesf fhaf bofh uses of half, as number (2 + 2 ) and operator ( 2 of ...) appear 
af Level 1. In essence, fhe cognitive demands of fhis level are limited fo fhe 
recognifion of one half as a fracfion. 

Af Level B fhe decimal and percenf ifems appear fo reflecf fhe earlier 
undersfanding of half. There is, however, an implicif undersfanding of more 
general parf-whole relationships, since decimals fhaf sum fo a small whole 
number (e.g., 0.6 + 1.4) and simple partitioning (e.g., 5 of 15) appear in fhis 
level. 

Ifems appearing af Level C involve fhe earlier concepfs wifh larger or 
more complex numbers (e.g., 3 of 120; 4.5 - 3.3). The prominence of one-digif 
decimal sums (e.g., 0.3 + 0.7) appears fo be parallel fo fhe sum of unif 
fractions wifh fhe same denominafors (e.g., 7 + 7 ). Nofions such as bonds fo 
10 (e.g., using 4 + 6 = 10 fo help wifh 0.4 + 0.6) applied fo decimal numbers, 
and fhe application of undersfanding of multiples and factors fo fracfions 
and percenfs (e.g., seeing 25% of 80 as 80 divided by 4) could be inferred 
from fhe nafure of many of fhe ifems in fhis level. 

Af Level D, equivalence appears fo become an imporfanf idea, wifh 
fracfion ifems such as 2 + 1, and percenf ifems such as 20% of 25 appearing in 
fhis level. The undersfanding of mulfiples and facfors is sufficienfly well 
developed fo be used for simple fracfion division (e.g., 1 d 4). Place value 
ideas are begirming fo emerge in decimal ifems (e.g., 0.25 x 10). 

Level E ifems use less familiar numbers and represenfafions. In fhis 
level, many of fhe earlier concepfs appear fo be consolidafed and applied fo 
more complex ifems. In decimals, for example, fhe idea of bonds fo 10 and 
place value musf be combined for success on ifems such as 0.18 + 0.2. In 
fracfions, fhe ideas of mulfiples and equivalence are used fo solve 5 x 3 , for 
example, and place value and equivalence ideas can be seen in 90% of 40. 
Implicif in fhese ifems is fhe need fo draw on sfrucfures underlying fhe 
number represenfafions. 

The highesf level of fhe variable map. Level F, confains fhe mosf difficulf 
ifems presented fo fhis group of sfudenfs. Sfudenfs af fhis level would 
appear fo have a sufficienfly good grasp of fhe number sfrucfures fo be able 
fo apply fhem successfully fo a range of less familiar numbers and more 
complex operations (e.g., 30% of 80; 2 + 3 ; oa)- 
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Table 2 

Summary of Identified Levels 


Level 


Fractions 


Decimals 


Percent 


Cognitive 

Demands 


F 

Operations 

Multiplication 

Percentages 

Uses underlying 


involving 3 or other 

of two decimals 

involving less 

structures for 


non-unit fractions 

(1 d.p.); decimal 

familiar fraction 

computation 


including addition 

division where 

equivalents 

with less familiar 


of unit fractions 
with different 
denominators. 

multiples of the 
digits are involved. 

(e.g., 12^%). 

numbers or 
fractions with 
non-equal 
denominators. 

E 

Addition or 

Multiplication by 

10 % and 90 % 

Draws on 


subtraction 

powers of 10 (0.1, 

of small 2-digit 

underlying 


with unequal 
denominators; 
whole numbers 
multiplied by 
non-unit fractions 
where cancelling 
is possible. 

10, 100); division 
of small whole 
number by 0.1; 
decimal sum 
of numbers with 
unequal decimal 
places. 

whole numbers. 

structures, such 
as equivalence or 
place value, for 
straightforward 
computations. 

D 

Use of equivalent 

Division by the 

Percentage 

Understands 


fractions for 3, unit 

same decimals 

equivalents 

and uses ideas of 


fraction 'of' whole 

(answer = 1); sum 

of quarter /three 

equivalence in all 


number multiples, 
or 2 of non-even 

to one whole with 

quarter of whole 

notations, and is 


regrouping; one 

number multiples 

beginning to draw 


decimal; division 

and two digit whole 

of 4 ; 150 % of even 

on place value 


with 2 or 4. 

numbers multiplied 
by 0 . 5 ; familiar 
decimal multiplied 
by 10 or 100. 

two digit numbers 
less than 30 . 

concepts with 
decimals. 

C 

Addition or 

Addition with the 

Only instances of 

Understands the 


subtraction of 

same number of 

25 % with multiples 

notion of one whole 


fractions with the 

decimal places; 

of 10 less than 100; 

and additional 


same denominator 

subtraction of small 

10% of a small 

parts, and is 


or multiple ( 2 , 4 ); 

2 or 2 'of' relate 
to multiples of 10. 

whole number from 
a decimal (1 d.p.). 

multiple of 10. 

beginning to 
develop ideas 
of equivalence. 

B 

Mainly unit 

Equal addends of 

Only instances of 

Understands part- 


fractions with 

the most basic 

50 % and 100 %; 

whole ideas and 


denominators of 2, 

decimal equivalents 
(of 2 and 4). 

equivalence to a 

can use this with 

A 

3 or 4 ; 'of' operation 
used with unit 
fractions of small 
whole numbers 
or 2 of single digit 
even numbers. 

Concept of one-half; 
half of an even 
whole number; 
no regrouping. 

half; knowledge of a 
whole. 

fraction notation 
to partition simple 
whole numbers. 

Recognises the 
meaning of one- 
half in fraction 
notation. 
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The levels appear to show increasing understanding of the structure of 
parf-whole numbers, and fhe application of number knowledge learned in 
whole number confexfs, such as factors and mulfiples, and place value. 
These six levels are summarised in Table 2. 

Performance across Grades 

Figure 3 shows fhe percenfage of sfudenfs in each grade whose menfal 
compufafion abilify, as measured on fhis scale, lay wifhin each level. There is 
a progression of increasing compefence wifh parf-whole reasoning in menfal 
compufafion across fhe grades, as would be expected. 



Figure 3. Disfribufion of menfal compufafion abilify across grades. 


Sfudenfs in grades 3 and 4 have had little opporfunify fo develop 
compefence in menfal compufafion wifh numbers ofher fhan whole 
numbers, and more fhan half of fhe sfudenfs in fhese fwo grades are in Level 
A. On fhe ofher hand, sfudenfs in grades 9 and 10 have generally mef 
fractions, decimals, and percenfs fhrough fheir school experiences. Despite 
fhis experience, over fen percenf of sfudenfs in fhe later grades can only deal 
wifh fhe mosf limifed parf-whole calculations, such as fhose dealing wifh 
half and ifs decimal and percenf represenfafions, which appear in Levels A 
and B. Of parficular inferesf is fhe performance in fhe middle years, from 
grades 5 fo 8. There does appear fo be an increase in compefence across fhese 
grades, and fhis may reflecf curriculum influences, wifh an emphasis on 
feaching fractions, decimals and percenfs in fhe middle years of schooling. 
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Discussion 

The discussion considers the results from the perspective of fhe demands of 
fhe ifems af various levels, of fhe performance of sfudenfs across grades 3 fo 
10, and of reasonable expecfafions for fhe classroom, fogefher wifh fhe 
implicafions for feaching. Direcfions for fufure research are suggesfed. 

Relative Difficulty of Items 

If should be remembered fhaf fhe arrangemenf of fhe ifems in Figure 2 
reflecfs sfudenf performance in a fimed menfal compufafion fesf, nof in a 
confexf where sfudenfs could wrife on paper, drawing picfures or carrying 
ouf known algorifhms. In general ferms, fracfion ifems were easier fhan 
decimals and percenfs, as shown by fhe appearance of similar ifems in 
differenf represenfafions. 

If appears fhaf familiarify wifh fracfions, especially half, is fhe firsf 
requiremenf in fhe parf-whole number arena af Level A. The exfenf fo which 
fhis finding reflecfs fhe school curriculum, which infroduces fracfions before 
decimals and percenfs, or mirrors common usage of fhe language of half and 
quarfer, which may develop sfudenfs' facilify wifh simple fracfion 
compufafions, is unknown. The presence of equivalenf fasks for decimals 
and percenfs af Level B may reflecf fheir confinued basic nafure buf lafer 
infroducfion. Throughouf fhe higher levels for fracfions, fhe denominators 
become larger, non-unif fracfions appear, and denominators in sums and 
differences are nof fhe same. Alfhough unif fracfions of anofher number 
occur af Level C, division by a fracfion does nof appear unfil Level D. 
Mulfiplicafion by non-unif fracfions appears af Level E and operations 
resulting in denominafors nof in fhe original question appear af Level F. 

The differenf represenfafions of fhe numbers appear fo provide 
additional complicating aspecfs of decimal menfal compufafion, shown by 
ifems appearing af a higher level fhan fheir fracfion equivalenfs. 
Mulfiplicafion by powers of 10 is an issue for decimal operations fhaf is nof 
cenfral for fracfion operafions. These producfs begin fo appear af Level D. 
Addition problems wifh decimals reflecf increasing demands on place value 
undersfanding (e.g., regrouping) wifh level. Thai fhe only fwo problems 
involving fhe mulfiplicafion of fwo decimals are found af Level F may reflecf 
fhe lafer infroducfion of fhis 1)^)0 of problem and fhe interference of rule 
learning wifhouf undersfanding in ferms of where fo puf fhe decimal poinf. 

All percenf questions in fhis sfudy were of fhe sfraighfforward direcf 
calculation X% of Y fype, where Y is a whole number. This reflecfs fhe 
aufhors' reasonable expecfafions of menfal compufafion oufcomes and 
predicfed use of fhem in acfual life sifuafions. The increased difficulfy of fhe 
ifems is apparenfly relafed fo fhe movemenf from percenf equivalenfs of fhe 
fracfions half and quarfer, fo mulfiples of 10% and fhe use of whole numbers, 
where fracfion-equivalenfs of percenf values are nof sfraighf mulfiples or 
divisors (e.g., 150% of 24, 90% of 40, or 30% of 80). 
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In general, multiplication and division operations with part-whole 
numbers are more difficult for sfudenfs fhan addifion and subfracfion, 
mirroring findings from whole numbers (Callingham & Mclnfosh, 2001). 
Fraction multiplication in ifs simplesf form (e.g., 3 x §) does nof appear until 
Level E, affer multiplication of a simple decimal by a power of 10 (e.g., 0.01 
X 100), which appears af Level D. In ferms of bofh language (fhree times fwo 
fhirds, or zero poinf zero one times one hundred) and mafhemafical 
complexify, fhese kinds of fracfion and decimal problems appear similar. The 
consisfency of fhe appearance of fracfion mulfiplicafion problems af higher 
levels fhan decimal mulfiplicafion problems, when fhe opposife is observed 
for addifion and subfracfion, suggesfs fhaf fhere may be some additional, as 
yef unexplained, complexify. 

Dealing wifh single digifs was generally easier fhan dealing wifh fwo 
digifs in decimal addifion, as expecfed from research indicafing fhaf fhe 
complexify of a problem increased ifs difficulfy (Hopkins, 2004), whereas 
mulfiplicafion problems were much more difficulf. There were, however, 
some anomalies. The ifem 0.25 + 0.25 appeared af Level B, whereas fhe 
apparenfly easier ifem 0.5 + 0.5 was found af Level C. This may be explained 
by a consideration of common errors. The common sfrafegy of treat the 
decimals as whole numbers and insert a decimal point in front would lead fo a 
correcf solution of 0.50 if applied fo 0.25 + 0.25, buf an incorrecf solufion of 
0.10 if applied fo 0.5 + 0.5. This explanafion was supporfed when fhe error 
patterns were examined, wifh 0.10 accounfing for over 80% of fhe errors for 
fhe ifem 0.5 + 0.5. 

Performance across Grades 

As seen in Figure 3, fhe performance in ferms of levels improves wifh grade. 
There is liffle change in disfribufion across fhe levels between grade 3 and 
grade 4 or between grade 9 and grade 10. In fhe middle years, however, fhere 
does appear fo be a grade fo grade change in performance from grade 5 fo 
grade 8. 

For grade 3, all sfudenfs are af Level C or below, whereas af grade 10, 
roughly 20 percenf or more of sfudenfs are af each of Levels C fo F. If is clear 
fhaf feachers need fo deal wifh a greafer range of performance from fhe 
middle school level upward. Alfhough fhis is nof surprising, fhe disfribufion 
of sfudenfs in fhe fop four levels, wifh fhe mode af Level D, suggesfs fhaf 
realisfic expecfafions for grade 10 may nof include Level E and F 
performance for a majorify of sfudenfs. If also indicafes fhaf more efforf musf 
be placed on menfal compulation skills and sfrafegies if fhe goals of fhe 
curriculum are fo be mef. The Vicforian Curriculum and Sfandards 
Framework (CSF) II sfandard for Level 5.1, for example, is "Exfend fhe use 
of basic number facfs fo menially compufe operations on fractions and 
decimals, and squares and square roofs" (Board of Sfudies, 2000, p. 139). The 
resulfs from fhis sfudy suggesf fhaf less fhan half of all sfudenfs in grades 
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9 and 10 can deal well with mental multiplication of a decimal by powers of 
fen, casfing some doubf on fhe achievabilify of fhe CSF II oufcome quofed. 

The conjecfure fhaf curriculum emphasis on parf-whole numbers in fhe 
middle years may explain fhe growfh in performance is home ouf, fo some 
exfenf, by an examinafion of some of fhe common errors. In addifion fo fhe 
appearance of treat decimals as a whole number and insert the decimal point 
misconcepfion, fhe fracfion addifion error of add the tops and add the bottoms 
rarely appeared before grades 7/8. The ifem 4 + 4, for example, was 
presenfed fo all grades. In grades 3/4, 60.0% of fhe sfudenfs correcfly 
calculafed fhe answer, and fhis percenfage rose in grades 5/6 (83.2%), grades 
7/8 (86.4%) fo 90.2 % in grades 9/10. In fhe lower grades fhe mosf common 
incorrecf response was 1, accounfing for 20.0% of fhe errors observed in 
grades 3/4. There was a wide range of incorrecf answers in fhese grades. The 
second mosf common response was 30 (8.6% of errors) and fhe same 
proporfion wrofe 8. Incorrecf responses were of fen expressed as whole 
numbers. In grades 5/6, fhere was also a variefy of incorrecf responses wifh 
fhe mosf common being 1, 4 and 49 (11.1% of errors each). Only one sfudenf 
answered i, which is a commonly expecfed incorrecf response fo fracfion 
addifion problems. In grades 7/8, however, | became fhe mosf common 
incorrecf response (18.2% of fhe observed errors) and 4 accounfed for a 
furfher 13.6% of errors, which may have arisen from sfudenfs reducing fhe 
incorrecf response of I fo ifs simplesf form. This paffern was similar in 
grades 9/10, wifh 1 (44.6% of errors), I, and 4 (33.3% of errors) fhe mosf 
common incorrecf responses. Nofably no incorrecf response in fhe higher 
grades was a whole number, aparf from 1, whereas whole number responses 
were common in fhe lower grades. This observafion suggesfs fhaf sfudenfs 
are becoming increasingly familiar wifh parf-whole numbers as fhey move 
fhrough school, buf fhaf fhey are also affecfed by partially undersfood rules. 
Such findings have implications for f caching. 

Future Research 

There are several directions in which fufure research on menfal compufafion 
with part-whole numbers can proceed. As part of a larger sfudy including 
whole number operations, fhis sfudy used a limifed range of ifems, 
sometimes wifh very few for a parficular f5q)e of operafion (e.g., multiplying 
two decimals or combining operations wifh fwo of fhe fypes of numbers). If 
will be insfrucfive fo expand fhe ifem sef, while af fhe same fime 
remembering fhaf menfal compufafion is infended fo involve realistic fasks 
fhaf one mighf be expecfed fo perform in confexfs oufside fhe mafhemafics 
classroom. Using only parf-whole numbers and working wifh middle school 
sfudenfs would allow a more defailed analysis of whaf Wafson, Kelly, and 
Callingham (2004) have called partial number sense in relation fo fhe errors 
observed. This may in furn lead fo fhe use of fhe parfial credif Rasch model 
(Masfers, 1982) as a mefhod of analysis, in which common errors are 
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recognised and scored as partial understanding, and more detailed 
developmental pathways identified. 

It is also of interest to consider the strategies that students report using 
while completing mental computation tasks, and interviews with students 
are likely to be helpful in fhis regard. Caney and Wafson (2003), for example, 
have begun this task by interviewing 24 students, sometimes discovering 
unexpected paths to correct answers. This is a potentially fruitful area for 
research thaf could lead fo recommendations for teaching approaches. 

Comparisons of levels of performance wifh ofher studenfs from different 
systems, states, and countries will also be useful in developing policy about 
appropriate teaching sequences to be employed in relation to mental 
computation with part- whole numbers. This is particularly true in light of 
fhe observation in this study that many students appear not to be meeting 
the standards in current Australian curriculum documents. 

It may also be possible to coordinate the study of menfal compufafion 
compefence wifh ofher numeracy skills thaf are considered important across 
the rest of fhe school curriculum. There is some evidence fhat teachers 
implicitly expect mental computation in many different classroom situations 
(Callingham, 2003). The interaction of mental computation skills with these 
other facets of mafhematics performance is likely to be a productive area for 
fufure research. 

This sfudy has highlighted the progression of parf-whole menfal 
computation proficiency across grades 3 fo 10, and has idenfified apparent 
difficulties of some forms of parf-whole representation in the context of 
menfal compufafion. If fhe goals of fhe mafhemafics curriculum wifh regard 
to mental computation are to be met, there is a considerable research agenda 
needed concerning the strategies that students use and the trends in errors 
that they make. 
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